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ON THE ABSOLUTE CONVERGENCE OF THE 
SPECTRAL SIDE OF THE ARTHUR TRACE 

FORMULA FOR GL^ 

Werner Muller and Birgit Speh^’ 

WITH Appendix by 
Erez M. Lapid 


Abstract. Let G be a reductive algebraic group defined over Q and let A be the ring of 
adeles of Q. The spectral side of the Arthur trace formula for G is a sum of distributions 
on G(A)^ which are defined in terms of truncated Eisenstein series. In general, the spectral 
side is only known to be conditionally convergent. In this paper we prove that for GL„, 
the spectral side of the trace formula is absolutely convergent. 


0. Introduction 

Let E be a number field and let G be a connected reductive algebraic group over E. Let 
A be the ring of adeles of E and let G(A) be the group of points of G with values in A. 
Let G(A)^ be the intersection of the kernels of the maps x i—>■ |^(x)|, x G G(A), where ^ 
ranges over the group X{G)e of characters of G defined over E. Then the (noninvariant) 
trace formula of Arthur is an identity 

/ 6 cr(G(A)‘), 

oeO 

between distributions on G(A)^. The left hand side is the geometric side and the right 
hand side the spectral side of the trace formula. 

In this paper we are concerned with the spectral side of the trace formula. The distributions 
are initially defined in terms of truncated Eisenstein series. They are parametrized by 
the set of cuspidal data X which consists of the Weyl group orbits of pairs {Mb, rs), where 
Mb is the Levi component of a standard parabolic subgroup and is an irreducible 
cuspidal automorphic representation of Mb{M)^. In the fine y-expansion of the spectral 
side the inner products of truncated Eisenstein series are replaced by terms containing 
generalized logarithmic derivatives of intertwining operators. This leads to an integral- 
series that is only known to be conditionally convergent. It is an open problem to prove 
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that the hne x-expansion is absolutely convergent and the main purpose of this paper is 
to settle this problem for the group GL„. 


To explain our results in more detail, we need to introduce some notation. We fix a Levi 
component Mq of a minimal parabolic subgroup Pq of G. We assume that all parabolic 
subgroups considered in this paper contain Mq. Let P be a parabolic subgroup of G, 
defined over E, with unipotent radical Np. Let Mp be the unique Levi component of P 
which contains Mq. We denote the split component of the center of Mp by Ap and its Lie 
algebra by ap. For parabolic groups P C Q there is a natural surjective map ap —ag 
whose kernel we will denote by a^. Let ^^(P) be the space of automorphic forms on 
Np{A)Mp{E)\G{A) which are square-integrable modulo y4p^Q(M)°, where Ap,Q is the split 
component of the center of the group obtained from Mp by restricting scalars from E to 
Q. Let Q be another parabolic subgroup of G, defined over P, with Levi component Mg, 
split component Aq and corresponding Lie algebra ag. Let hF(ap, ag) be the set of all 
linear isomorphisms from ap to ag which are restrictions of elements of the Weyl group 
W{Aq). The theory of Eisenstein series associates to each s G fF(ap, ag) an intertwining 
operator 

Mq\p{s,X):A\P)^A\Q), \ea*p^c. 

which for Re(A) in a certain chamber, can be defined by an absolutely convergent integral 
and admits an analytic continuation to a meromorphic function of A G a^j-. Set 

Mg|p(A) := Mg|p(l, A). 

Let n(Mp(A)^) be the set of equivalence classes of irreducible unitary representations of 
Mp(A)L Let X G X and tt G n(Mp(A)^). Then [xa) singles out a certain subspace 
•^\,tt{P) of Al^(-P) jAdl p.l249]. Let be the Hilbert space completion of Al^ ,,.(P) 

with respect to the canonical inner product. For each A G Up^ we have an induced 

_2 

representation A) of G(A) in A^^^{P). 

For each Levi subgroup L let V{L) be the set of all parabolic subgroups with Levi compo¬ 
nent L. If P is a parabolic subgroup, let Ap denote the set of simple roots of (P, Ap). Let 
L be a Levi subgroup which contains Mp. Set 


mL{P,x) = 


lim 

A^O 


E 

Qi&P{L) 


vol(agyZ(A^J)Mg|p(A)-' 


Mq\p{X + A) \ 


1 


where A and A are constrained to lie in ia*p, and for each Qi G P(L), Q is a group in 
V{Mp) which is contained in Qi. Then 9Jtp(P, A) is an unbounded operator which acts on 
the Hilbert space Al^^(P). In the special case that L = M and dimag = 1, the operator 
WIl{P, A) has a simple description. Let P be a parabolic subgroup with Levi component 
M. Let a be the unique simple root of {P,Ap) and let a) be the element in (a^)* such 
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that a)(a^) = 1. Let P be the opposite parabolic group of P. Then 

VJIl{P,zco) = —vo\{a^/Za'^)Mp^p{zoj)~^ ■ -^Mp\p{zij). 

(Jj/O 

Let / e C^iGi^KY). Then Arthur |A41 Theorem 8.2] proved that JxU) equals the sum 
over Levi subgroups M containing Mq, over L containing M, over tt G n(M(A)^), and over 
s G hL'^(aM)reg, a certain subset of the Weyl group, of the product of 

a factor to which we need not pay too much attention , and of 

(0.1) ^ tr(imL(P,A)Mp|p(s,0)p^,^(P,A,/))dA. 

pgp(-^) 

So far, it is only known that X)xgx I'^x(/)I ^ ^ show that the integral- 

sum obtained by summing m over X G and vr G n(M(A)^) is absolutely convergent 
with respect to the trace norm. For a given Levi subgroup M let C{M) be the set of 
all Levi subgroups L with M <Z L. Put M{P,s) = Mp|p(s,0). Denote by || T ||i the 
trace norm of a trace class operator T. Let C^(G(A)^) be the space of integrable rapidly 
decreasing functions on G'(A)^ (see jMn41 §1.3] for its dehnition). Then our main result is 
the following theorem. 

Theorem 0.1. Let G = GL„. Then the sum over all M G C{Mq), L G C{M), y G X, 
TT G n(M(A)^), and s G fF^(aM)reg of the product of 

\W,^\\Wondet{s-l),.J-^ 

with 

[ |P(M)|-i ||imp(P,A)M(P,s)p^,^(P,A,/)||idA 

Jia\liaQ p£p(^) 

is convergent for all f G C^(G(A)^). 


By Theorem 10.11 the spectral side for GL„ can now be rewritten in the following way. 
Denote by ndisc(Af(A)^) the set of all vr G n(M(A)^) which are equivalent to an irreducible 
subrepresentation of the regular representation of M(A)^ in L^(M(P)\M(A)^). As in 
Section 7 of jA3j . we shall identify any representation of M(A)^ with a representation 
of M(A) which is trivial on Amq(M)°, where Am,q is the split component of the center 
of the group Resp/^GL^ obtained from G by restricting scalars from E to Q. For any 
parabolic group P, let Al^(P) = ©xAl^,^(P) and for A G Op^., let p^(P, A) be the induced 

representation of G(A) in ^^(P), the Hilbert space completion of Al{P). Given M ^ C, 
L G C{M), P G V{M), s G fF^(aM)reg and a function / G C^(G(A)^), let 

Jm^pUa) 


^ -r- 


tr(mtp(P, A)Mp|p(5, 0)p^(P, A, /)) d\. 
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By Theorem lO.ll this integral-series is absolutely convergent with respect to the trace norm. 
Furthermore for M G £ and s G W^{aM)reg set 

aM,s = \V{M)nW,^\\Won det{s - 

Then for all functions / in C^(G(A)^), the spectral side of the Arthur trace formula equals 

Me£ LeC(M) PeP{M) s&Wi^iaM)reg 

Note that all sums in this expression are hnite. 

We shall now explain the main steps of the proof of Theorem 10.11 The proof relies on 
Theorem 0.1 of jMn4j . In this theorem the absolute convergence of the spectral side of 
the trace formula has been reduced to a problem about local components of automorphic 
representations. So the main issue of the present paper is to verify that for GL„, the 
assumptions of Theorem 0.1 of |Mn4j are satished. 

Let M = X ■ • • X GL„^ be a standard Levi subgroup and let P,Qe V{M). We 

shall identify with Given a place v oi E and an irreducible unitary representa¬ 
tion Tiy = of M{Ev), let jQ|p(7r^,s), s G C'’, be the local intertwining operator 

between the induced representations /p(7r^[s]) and where s = (si,...,Sr) and 

7r.„[s] = \ det 1'^*). It follows from results of Shahidi |Sh5j that there exist normalizing 

factors rQ[p(7r^, s), which are defined in terms of Rankin-Selberg L-functions, such that the 
normalized intertwining operators 

Rq\p{t^v,^) = LQ|p(7r^, s) ^ Jq\p{71v,s) 

satisfy the properties of Theorem 2.1 of |A7j . If p < cx) and is an open compact subgroup 
of G{Ey), denote by i?Q|p(7r^, s)x„ the restriction of RQ\p{7iy, s) to the subspace 7ip(vr^)^’' 
of Ar„-invariant vectors in the Hilbert space 'Hp{Pv) of the induced representation. If p|cxo, 
let Ky C G{Ey) be the standard maximal compact subgroup. For every G n(iF^) 
we denote by || || the norm of the highest weight of a^. Given Py G Il{G{Ey)) and 

ay G n(A'^), let i?Q|p(7r^, s)^-^ be the restriction of i?Q|p(7r^, s) to the cr.„-isotypical subspace 
of Hp^Tiy). Finally for any place v, let (Ey)) be the subspace of all 7iy in Il{M{Ey)) 

such that there exists an automorphic representation vr in the discrete spectrum of M(A) 
whose local component at v is equivalent to Tiy. Then the main result that we need to 
prove Theorem 10.11 is the following proposition. 

Proposition 0.2. Let v be a place of E. For all M E C and P,Qe V{M) the following 
holds. 

1) If V < oo, then for every open compact subgroup Ky of GLn{Ey) and every multi-index 
a G there exists G > 0 such that 

(0-2) II DZRq\p{'^vP'^)k^ II 

for all TTy E ndisc(Af(A„)) and u G M'". 







ARTHUR TRACE FORMULA 


5 


2) If v\oo, then for every multi-index a G N'' there exist C > 0 and N eN such that 
(0.3) II ||< ^(1+ II a, 

for all u G G and vr^ G ndisc(Af (-E^)). 


The normalization nsed in jMn4j differs slightly from the normalization by L-fnnctions. 
However, it is easy to compare the two normalizations and it follows that Proposition 10.21 
holds also with respect to the normalization nsed in jMn4j . Together with Theorem 0.1 of 
jMn4j . this implies Theorem lO.il Actnally in jl nij we considered only rednctive algebraic 
gronps G defined over Q. However, passing to the gronp G' = Resp/Q G which is obtained 
from G by restriction of scalars, it follows immediately that the resnlts of jMn4j can also 
be applied to rednctive algebraic groups defined over a number field. 

The main analytic ingredients in the proof of Proposition 10.21 are a non-trivial uniform 
bound toward the Ramanujan hypothesis on the Langlands parameters of local compo¬ 
nents of cuspidal automorphic representations and the determination of the residual 

spectrum |MWj . Furthermore Corollary A.3 is important for the proof of ( 10 . 3|) . 

Let us explain this in more detail. First note that any local component of a cuspidal 
automorphic representation tt of GLm(A) is generic |Skj . This implies that is equivalent 
to a fully induced representation jJS3j . i.e., 

where P is a standard parabolic subgroup of type (rii, ...,n,,), r* are tempered representa¬ 
tions of GL„.(P^) and the tfs are real numbers satisfying 


ti > t2 > ■ ■ ■ > tr- 


Here Ti[ti\ is the representation g i—>• Ti{g) \ det( 5 f)|*\ For a unitary generic representation 
TT^ the parameters ti satisfy \ti\ < 1/2. In [LRRj . Luo, Rudnick and Sarnak proved that for 
an unramified vr^ which is the local component of a cuspidal automorphic representation 
of GLm(A), one has 


(0.4) 


max \ti\ < 

i 


1 

2 


1 

-|- 1 


First we extend this result of Luo, Rudnick and Sarnak to all local components of cuspidal 
automorphic representations of GLm(A). Then we use the description of the residual 
spectrum of GLm(A), given by Moeglin and Waldspurger |MWj . to prove similar bounds 
for the local components of all automorphic representations in the residual spectrum of 
GLm(A) (cf. Proposition 13.51 for the precise statement). As a consequence, it follows that 
for every local component of an automorphic representation tt in the discrete spectrum 
of M(A)^ the normalized intertwining operator Rq\p{7Ti,,s) is holomorphic in the domain 
Re(si — Sj) > 2/{n? -|- 1), 1 < f < j < r. This is the key result which is needed to prove 
Proposition 10.21 Gombined with Gorollary A.3 it immediately implies (j().3|l . For a finite 
place V we use that by Theorem 2.1 of jA7j any matrix coefficient of Rq\p{tTv, s) is a rational 
function of i < j. Together with the above result, this implies (inii. 
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In an earlier version of this paper, the hrst two authors were only able to establish (Q 
for a hxed i^^^-type, so that Theorem 10.11 could only be proved for i^-£nite functions 
/ G C^(G(A)^). With the help of the appendix which was kindly provided by E. Lapid, 
the ii"-finiteness assumption could be lifted. 

To extend the results of this paper to other reductive groups G one would need, in par¬ 
ticular, the existence of non-trivial uniform bounds on the local components of cuspidal 
automorphic representations of G(A). For a discussion of this problem we refer to jSaj . 
Also note that Ed is a step in this direction. 

The paper is organized as follows. In section 2 we compare the two different normalizations 
of intertwining operators and we prove some estimate for conductors. In section 3 we esti¬ 
mate the (continuous) Langlands parameters of local components of cuspidal automorphic 
representations of GL^ which generalizes results of Luo, Rudnick and Sarnak PFi] to the 
case of ramified representations. Then we use the description of the residual spectrum of 
GLm by Mceglin and Waldspurger fWj to obtain estimations for the Langlands param¬ 
eters of all local components of automorphic representations in the discrete spectrum of 
GLm- We use these results in section 4 to prove Proposition 10.21 and Theorem EH In the 
appendix, the normalized intertwining operators for real Lie groups are studied. The main 
results is Corollary A.3 which proves estimations for derivatives of matrix coefficients of in¬ 
tertwining operators along the imaginary axis, under the assumption that the intertwining 
operators are holomorphic in a hxed strip containing the imaginary axis. 

Acknowledgment. The hrst two authors thank E. Lapid for many comments and sug¬ 
gestions which helped to improve the paper considerably and for providing the appendix 
by which the iP-hniteness assumption in an earlier version of the paper could be lifted. 

1. Preliminaries 

1.1. Let A be a number held and let A denote the ring of adeles of E. Fix a positive 
integer n and let G be the group GL„ considered as algebraic group over E. By a parabolic 
subgroup of G we will always mean a parabolic subgroup which is defined over E. Let 
Po be the subgroup of upper triangular matrices of G. The Levi subgroup Mq of Pq is 
the group of diagonal matrices in G. A parabolic subgroup P of G is called standard, if 
P D Pq- By a Levi subgroup we will mean a subgroup of G which contains Mq and is the 
Levi component of a parabolic subgroup of G. If M C A are Levi subgroups, we denote the 
set of Levi subgroups of L which contain M by C^{M). Furthermore, let E^{M) denote 
the set of parabolic subgroups of L dehned over E which contain M, and let P^(M) be the 
set of groups in P^(M) for which M is a Levi component. If A = G, we shall denote these 
sets by A(M), E{M) and V{M). Write C = C{Mq). Suppose that P G Then 

P = NpMp, 

where Np is the unipotent radical of P and Mp is the unique Levi component of P which 
contains M. 
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Suppose that M <Z Mi <Z L are Levi subgroups of G. If Q G V^{Mi) and R G 

there is a unique group Q{R) G V^{M) which is contained in Q and whose intersection 

with Ml is R. 

Let M E C and denote by A the split component of the center of M. Then A is dehned 
over E. Let X{M)e be the group of characters of M dehned over E and set 

Om = Hom(X(M)£;,M). 

Then Um is a real vector space whose dimension equals that of A. Its dual space is 

= X(M )£; ® M. 

For any M E C there exists a partition (ni, ...,nr) of n such that 

M = GL„j X ■ ■ ■ X GL„^ . 

Then can be canonically identihed with (M’’)* and the Weyl group W^au) coincides 
with the group Sr of permutations of the set {1, ...jt}. 


1.2. Let iL be a reductive algebraic group dehned over Q, let F be a local held of charac¬ 
teristic 0 and let K be an open compact subgroup of H{E). We shall denote by n(Lr(A)) 
(resp. n(iL(F)), n(iL), etc.) the set of equivalence classes of irreducible unitary represen¬ 
tations of H{A) (resp. H{E), K, etc.). 


1.3. Let F be a local held of characteristic zero. If tt is an admissible representation of 
GLm(F), we shall denote by n the contragredient representation to n. Let tt*, i = 1, 
be irreducible admissible representations of the group GL„.(F). Then tt = tti ® ® is 

an irreducible admissible representation of 

M(F) = GL„,(F)x---xGL„^(F). 

For s G let be the representation of GL„.(F) which is dehned by 

T^i[si]{9) = I det(5()|^'7ri(5(), g E GL„,(F). 


Let 

Jp (tt, s) = Indp|p| (tti [si] 0 • • • 0 [s^] ) 

be the induced representation and denote by Hp^n) the Hilbert space of the representation 
Ip{n,s). Sometimes we will denote Ip{n,s) by /p(7ri[si],..., Tr,.)^,.]). 
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2. Normalizing factors for local intertwining operators 


Let F be a local field of characteristic 0. If F is non-Archimedean, let O be the ring of 
integers of F and let ip be the nniqne maximal ideal of O. Let q be the nnmber of elements 
of the residne field (9/ip. Let K = GL„(C>). If F is Archimedean, let K be the standard 
maximal compact snbgronp of GL„(F), i.e., K = 0(n), if F = M, and F = U(n), if F = C. 

Let M = GL„^ X ■ ■ ■ X GL„^ be a standard Levi snbgronp. We identify Om with Let 
Fi,F 2 e F(M). Given tt G n(M(F)), let 

Jp 2 |Pi(vr,s), s G C^ 

be the intertwining operator which intertwines the indnced representations Ip^ (tt, s) and 
The intertwining operator Jp 2 |Pi(vr, s) is defined by an integral over Np^{F) fl 
N-p^{F) which converges for Re(s) in a certain chamber of a^. It follows from jA7j and 
|GLLI §15] that the intertwining operators can be normalized in a snitable way. This means 
that there exist scalar valued meromorphic functions rp2|p^(7r, s) of s G such that the 
normalized intertwining operators 

Rp2\Pii^y^) =^P2|Pi(^)S) Vp2|p^(7r,s) 

satisfy the properties of Theorem 2.1 of jA7j . The method used in jA7j works for every 
reductive group G. For GL„, however, it follows from results of Shahidi [Shi], jShll that 
local intertwining operators can be normalized by L-functions. 


The normalizing factors defined by the Rankin-Selberg L-functions can be described as 
follows. Fix a nontrivial continuous character -0 of the additive group F+ of F and equip 
F with the Haar measure which is selfdual with respect to ^fJ. First assume that P is 
a standard maximal parabolic subgroup with Levi component M = GL„^ x GL„ 2 - Let 
TTj G n(GL„,(F)), i = 1,2. If F is non-Archimedean, let L(s,7ri x ^ 2 ) and e(s,7ri x 712 ,'4’) 
be the Rankin-Selberg L-function and the e-factor, respectively, as defined in HESj. If 
F is Archimedean, let the L-function and the e-factor be defined by using the Langlands 
parametrization (cf. |A7j . |Sh2j ). Then the normalizing factor can be regarded as a function 
Lp|p(7ri 0 712, s) of one complex variable which is given by 


( 2 . 1 ) 


rp|p(7ri 0 712,5) 


L{s, TTi X 712 ) 

L{1 S, TTi X T2)e(s, TTi X T 2 , ^j) 


For arbitrary rank, the normalizing factors are products of normalizing factors associated 
to rank one groups in M. Let e*, i = 1,..., r, denote the standard basis of (M'”)*. Then 
there exist cti,(T2 G Sr such that the set of roots of {Pi, Am) and {P 2 ,Am), respectively, 
are given by 


(2.2) Sp^ = {d - Cj \1 <i,j < r, ak{i) < (Jk{j)}, k = 1,2. 

Put 

I(ai,a2) = {{i,j) I 1 < i,j < r, ai{i) < afyj), 1x2(7) > a2(j)}. 


Then 


Spi n — {cj €j 


{i,j) G I(ai,a2)}. 
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Let TT = TTi ® • • • 0 TT^ where vTj e n(GL„, (F)), i = 1,r. For s = (si,s^) G C'" set 

rp2iPi(7r,s) : = 

(2.3) TT _ HSj - Sj,ni X TTj) _ 

Ai 1(^1 + s- - Sj^TTi X Tj)e(sj - Sj,7ri X V’)' 

(lJJGl((Ti,cr2j 

Since the Rankin-Selberg L-factors are meromorphic functions, it follows that rp2|p^(7r, s) 
are meromorphic functions of s G and as explained in na §4] and nn P-87], they 
satisfy all properties that are requested for normalizing factors. 

In order to be able to apply the results of |Mn4j we have to compare the normalizing factors 
rQ|p(7r,s) with those used in jMn4j which we denote by rQ|p(7r, s). If F is Archimedean, 
the normalizing factors rQ|p(7r, s) are dehned as the Artin L-factors and therefore, coincide 
with the rQ|p(7r,s). Assume that F is non-Archimedean. By the construction of the 
normalizing factors it suffices to consider the case where P is maximal, Q = P and vr is 
square integrable. Let P be a standard maximal parabolic subgroup of GL^ with Levi 
component 

M = GLmi X GL^a • 

Then the normalizing factor may be regarded as a function rp|p(7r, s) of one complex 
variable s. We recall the construction of r-p|p(7r, s) for square integrable representations 
TT It follows from |Silj . jSi2j that for every tt G 112 (M(P)) there exists a rational 

function Up{7i,z) such that the Plancherel measure /i(7r, s) is given by 

/i(7r,s) = Up{7r,q-^). 


The rational function Up{n, z) is of the form 

TT / \ TT ~ o:iz){l — Oj ^z) 

t/p TT, z) = a\\ - - 

where \ai\ < 1, \(3i\ < 1, f = 1, ...,r, and a G C is a constant such that 

«nw>o- 

i=l 


Let 6 G C be such that 


and set 

(2.4) 



= ()P[ 

i=l 


(1 - ajz) 
(1 - (3iz) ■ 


Then the normalizing factor rp|p(7r, s) is defined by 

?P|p(7r,s) = Vp{'K,q-^)-^ 
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By definition we have 

/ip(7r, s) = (rp\p{7r, -s)rp,p(7r, s) j , 

which is one of the main conditions that the normalizing factors have to satisfy. 


Let TTi and 712 be tempered representations of GLmi(i^) and GL^ 
Gorollary 6.1.2 of EEa the Plancherel measure is given by 


.(F), respectively. By 


HiTTi 0 712, s) = 


s) = + g,7ri X TTa) L(1 - s,ni x TTa) 

L(s, 711X712) L(-s, Til X 712) 


where /(tii x 712 ) G Z is the conductor of tii x 712 . Using the description of the Rankin- 
Selberg L-functions for tempered representations [ESI (see also section 3), it follows that 


mi m2 

(2.5) L(s, Til X T 2 ) = (1 - \ 

i=i j=i 

with complex numbers aij satisfying \aij\ < 1. Furthermore by nEsi. the e-factor e(s, tii x 
712, V') has the following form 

(2.6) e(s,7ri x 712,-0) = c(7ii x 712 , 

with c(7ii X 712,0) G C — {0} and /(tii x 712,-0) ^ Let 

c(-0) = max{r | C ker0} 


Then 


(2.7) /(711 X 712,0) = nin2c(0) -h /(tii x 712), 

with /(711 X 712) G Z independent of 0. For simplicity assume that c(0) = 0. By Lemma 
6.1 of |Shlj we have 

(2.8) |c(7ri X 712)1 = g7GiX7r2)/2^ 


Thus the e-factor can be written as 


e(s. Til X 712,0) = hF(71i X 712)^*-^^^ s)/GiX7r2)^ 


where the root number hF(7ri x 712 ) satisfies |hF(7ii x 712 )] = 1. Finally, observe that 
/(tii X T 2) = /(Ti X 712). Using (jTHl) . (IZHj) and it follows that the constant b in (El 
can be chosen to be e(0, tii x 02,0) and 


(2.9) 


rp|p(7ri (g) 712, s) 


L{s, Til X 712) 

L(1 S, Til X 02)e(O, Til X 02,0)' 


Gomparing El and (El, it follows that 
( 2 . 10 ) 


rp,p(71i ® 712, s) = ^^^^Lp|p(71i ® 712, s). 


e(s. Til X 712,0) 
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This can be extended to parabolic gronps of arbitrary rank in the nsnal way. Let M be 
a standard Levi snbgronp of GL„ of type (rii, ...,nr) and let Pi,P 2 € V{M). Using the 
prodnct formnla for rp^\p^{7i, s) jA71 p.29] and the corresponding prodnct formnla ()2.djl for 
rp2|p^(7r, s), we extend ()2.1()jl to all tempered representations vr of M{F). Finally, if vr is 
any irredncible nnitary representation of M{F), it can be written as a Langlands qnotient 
71 = where i? is a parabolic snbgronp of M, r is a tempered representation of 

Mp{F) and /i is a point in the chamber of attached to R. Then 

= rp2{R)\Pi{R){T,S +fj.) 

and a similar formnla holds for rp^\p-^^{ 7 i, s) jA71 (2.3)]. Let cxi, a2 G Sr be attached to Pi, P2 
snch that Sp. is given by (Q. Then we get 


Lemma 2.1. For all irreducible unitary representation vr = of M{F) we have 

e{0,7li X TTj,-0) 


rp2|Pi(7r,s) = Yl 




eUSi 


Sj, 71 i X 77 j, fj) 


rp2|Pi(7r, s), s e C" 


Since we will be concerned with logarithmic derivatives of normalizing factors, we need 
estimates for /(vti x 712 ). Let /(Tj) be the condnctor of Tij, i = 1, 2. Then by Theorem 1 of 
[BH] and Corollary (6.5) of [BHK] we have 

(2.11) 0 < /(vTi X 712 ) < nif{7ii) + n2f{7i2) - inf{/(7ri), /(vra)} 


for all admissible smooth representations tt, of GL„. (F), i = 1, 2. Furthermore, by Corollary 
(6.5) of [BHKj . we have /(tti x 712 ) = 0 if and only if there exists a quasicharacter x of F^ 
such that both TTi^yodet and 7r2®x~^°det are unramified principal series representations. 


By ()2.11j) it suffices to estimate the conductors /(vr,), i = 1,2. 


Given an open compact subgroup K C GLm(F), let 

n(GL^(F);F) = (tt G n(GL^(F)) | tt^ ^ {0}}. 

Lemma 2.2. For every open compact subgroup K of GLm{F) there exists C > 0 such that 
/(vr) < C for all Tie n(GL^(F); AT). 


Proof. In the first step we reduce the proof to the case of square-integrable representations. 
Let 71 G n(GLm(F)). Then there exist a parabolic subgroup P of GL^ of type (mi,..., rur), 
tempered representations Tj of GL^^/F) and real numbers with F > ■ ■ ■ > F such that 
71 is isomorphic to the Langlands quotient Jp^"‘(ri[fi], ...,Tr\tr\)- By Theorem 3.4 of P] it 
follows that 

/(vr) = /(/p^"*(ri[F],...,A[F])) =5^/(u)- 

3 

Furthermore a tempered representation r of GLrf(F) is full induced: 

where Q is a parabolic subgroup of GL^ of type {di,...,di) and cTj is a square-integrable 
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representation of GL^;. (F), i = 1,Then by (3.2.3) of P] we get 

/(^) = 

3 

Next we relate the F-invariant snbspaces. We may assnme that K C GLmiOp) is a con- 
grnence snbgronp. Snppose that vr is a snbqnotient of an indnced representation Jp^'"(cT), 
where P is a parabolic snbgronp of GL^ of type (mi, ...,m/j), a = ®iPi and pi is an ad¬ 
missible representation of GLmi{F). If vr^ 7 ^ {0}, then 7 ^ {0}. Fnrthermore we 

have 

= (4h(o;;np(‘^))'' 

GLmiOF)/K 

- 0 

GLmiOF)/K 


Now observe that 


KnP = l[K„ 


2 = 1 


where Ki C Gl^rniiOp) are congruence subgroups. Then 




Thus if TT^ 7 ^ {0}, then pf' 7 ^ {0} for all h 1 < i < h. Gombined with the above relations 
of the conductors, we reduce to the case of square-integrable representations. 

Let 1 denote the trivial representation of K. By jHG21 Theorem 10] the set n 2 (GLm(F), K) 
of square-integrable representations vr of GLm(F) with [ttI^ : 1 ] > 1 is a compact subset of 
the space n 2 (GLm(F)) of square-integrable representations of GLm(F). By the definition 
of the topology in n 2 (GLm(F)) |HG21 §2], the set n 2 (GLm(F), K) decomposes into a finite 
number of orbits under the canonical action of iM on n 2 (GLm(F)) given by tt 1 —>■ 7 r[ 4 ]. 
Since the conductor remains unchanged under twists by unramified characters, the lemma 
follows. □ 


3. Estimation of the Langlands parameters 

For the unramified places, the Langlands parameters of local components of cuspidal au- 
tomorphic representations of GL„(A) have been estimated by Luo, Rudnick and Sarnak 
PTK] . The main purpose of this section is to extend the estimations of [LR,Sj hrst to ram¬ 
ified places and then to local components of automorphic representations in the discrete 
spectrum of GL„(A) in general. To deal with cuspidal automorphic representations we 
follow the method of [LR^Tj which uses properties of the Rankin-Selberg L-functions. First 
note that any local component of a cuspidal automorphic representation of GL„ is generic 
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jSkj . Let F be a local field. By jJS3j . any irreducible generic representation vr of GL„(F) 
is equivalent to a fully induced representation 

vr = I^{a, s), 

where P is a standard parabolic subgroup of type (rii,n^), s = (si,s^) G M'’ satisfies 
Si > S 2 > • • ■ > Sr and a is a square integrable representation of Mp{F). We shall refer to 
s as the (continuous) Langlands parameters of vr. We also note that an irreducible induced 
representation Ip{a,s), a square-integrable and s G M'’, is unitary, only if it is equivalent 
to its hermitian dual representation I pic, —s). By |KZ1 Theorem 7] this implies that there 
exists a. w & W (om) of order 2 so that 

((Tl[Si] 0 • • ■(Tr[Sr])"' = Cri[-Si] 0 • • • ® CTr[-Sr]. 

Hence we have 

(3.1) = {cifc[-Sfe]}. 

Moreover by the classification of the unitary dual of GL„(P) it follows that 

I Re(si)| < 1/2, z = l,...,r. 

The key result that we need about the local Rankin-Selberg L-functions is the following 
lemma. 

Lemma 3.1. Let tt be an irreducible unitary generic representation o/GL„(P), and let 
(si,..., Sr) G be the Langlands parameters of ti. Then L{s, n xn) has a pole at the point 

So = 2 max | Sj |. 
j 

Proof. For the proof we need to describe the P-factors in more detail. Let tt = Ip {a, s) 
be a fully induced representation with a = GijCTj for discrete series representations Uj of 
GL„.(P) and Langlands parameters s = (si,...,Sr) satisfying the above conditions. Then 
by the multiplicativity of the local L-factors |Sh6j we get 

r 

(3.2) P(s, TT X T) = P(s + Sj — Sj, ai x aj). 

*P=i 

If F is non-Archimedean, then this is Proposition 9.4 of [!ES|. If P is Archimedean, (EH) 
follows from the Langlands classification (see §2 of jShbj h This reduces the description of 
the P-factors to the case of square-integrable representations. We distinguish three cases 
according to the type of the field P. 

1. P = M. 

The Rankin-Selberg local P-factors are defined in terms of P-factors attached to semisimple 
representations of the Weil group H/r by means of the Langlands correspondence |L3j . If 
r is a semisimple representation of Hr of degree n and 7r(r) is the associated irreducible 
admissible representation of GLn,(M), then 

P(s,7r(r)) = P(s,r). 
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Furthermore, if 

0 

l<j<m 

is the decomposition into irreducible representations of IFr, then 

Hs,t) = Y[L{s,Tj). 

3 

If t ' is another semisimple representation of IFr of degree n' and 7r(r') is the associated 
irreducible admissible representation of GLji/(M), then the Rankin-Selberg local L-factor 
is given by 

L(s, 7r(r) X 7r(r')) = L(s, t ® t '). 

This reduces the computation of the L-factors to the case of irreducible representations of 
the Weil group. 

The irreducible representations of the Weil group ITr of M are either 1 or 2 dimensional. 
The associated representations of GLm(IF), m = 1,2, are square-integrable and all square- 
integrable representations are obtained in this way. Note that GLm(IF) does not have 
square-integrable representations if m > 3. To describe the L-factors, we dehne Gamma 
factors by 

Tr{s) = 7r-^/^T{s/2), Tc{s) = 2(27r)-T(s). 

Suppose that r is a two-dimensional irreducible representation of Wr. Then 

r = ind^*0, 

where 0 is a (not necessarily unitary) character of Wc = C*. Thus there exist t G C and 
k E Z such that 

e{z) = \z\\z/zf/^, z e C*. 

Then the L-factor is dehned as 


~ rc('S 1 -\- |/i;|/2). 

The one-dimensional irreducible representations of ITr are of the form 

e Wr ^ sign"(n) 1 2 ;I* 

where e = 0,1 and ’’sign” is the sign character of the Galois group. The L-factor of is 
given by 

L{s, = rR(s + t + e). 

Next we have to consider the tensor products of irreducible representations. 

If r = ind^*0 and r' = ind^*0' are two-dimensional representations of Wr, then we have 

t ® t ' = ind^*(6* 0 ind^*6*'|c*) 

= indj!(* {9 ® o') © indj^« {9 ®9'^), 
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where a is the nontrivial element of the Galois group. Suppose that 6 '{z) = \zf {z/z^'. 
Then we get 

L{s, T 0 t') 

= rc;(s 1 1' \k fc^|/2)rc(s 1 1' \k — k 1/2). 

Similarly, if is a one-dimensional representation, then we have 

r ®ip = ind^*(6' ® 

and therefore, we get 

L{s,t ®'ip) = Tc{s + t + t' + \k\/2). 

Finally, if = i/e,* and are two one-dimensional representations of PFr, then 

L{s, i! ®'4)') = rR(s -P f -P F -f- e), 
where 0 < F < 1 and F = e -|- e' mod 2. 

For A; G Z let Dk be the fc-th discrete series representation of GL 2 (M) with the same 
inhnitesimal character as the fc-dimensional representation. Then Dk is associated with 
the two-dimensional representation = indj^“(6'fc) of IFr where the character 6 k of C* 
is dehned by 6 k{z) = For e G {0,1} let Fe fhe character of dehned by 

Fe(L) = (r/|r|)^. It corresponds to the character Fe,o of IFr. Using the above description 
of the L-factors, we get 

-h(s, Dk^ X Dk2) = Fc(s -t- |A;i — ^21/2) ■ Fc(s \ki + k2\/2) 

L(s, Dk X FJ = F(s, Fe X Dk) = Fc(s -P |A;|/2) 

L(S, Fei X Fez) = rR('5 + ei,2), 

where 0 < ei ^2 < 1 with ei ^2 = D + ^2 mod 2. Up to twists by unramihed characters this 
exhausts all possibilities for the L-factors in the square-integrable case. 

2. F = C. 

As in the real case, the local L-factors are dehned in terms of the L-factors attached to 
representations of the Weil group Wc by means of the Langlands correspondence. The 
Weil group lUc is equal to C*. Furthermore we note that GLm(C) has square-integrable 
representations only if m = 1. For r G Z let Xr be the character of C* dehned by Xr{^) = 
(z/z)'", z G C*. Then it follows that 

^(■s, Xn X Xr-F = Fc(s -P |ri -P r2|/2). 

Again up to twists by unramihed characters, these are all possibilities for the L-factors in 
the square-integrable case. 

3. F non-Archimedean. 

Let TT be a square-integrable representation of GLm{F). By jBZ] there is a divisor d\m, a 
standard parabolic subgroup P of GLm{F) of type {d,... ,d), and an irreducible supercusp- 
idal representation p of GL(i(F) so that vr is the unique quasi-square-integrable component 
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of the induced representation /p(pi,... where r = m/d and pj = p®\ det p“h+i)/2^ 
j = We will write tt = A(r,p). The representation vr is unitary (or equivalently 

square-integrable) if only if p is unitary. Moreover the contragredient of A(r, p) is given 
by A(r,p) = A(r,p). Let ai = A(ri,pi) and a 2 = A(r 2 ,p 2 ) be square integrable rep¬ 
resentation of GLmi(T’) and GLm 2 (T’), respectively. Then by Theorem 8.2 of HESi we 
have 

min(mi ,m 2 ) 

L(s,aixa 2 )= JJ L{s + {jm + m 2 )/2 - j, pi xp 2 ). 
i=i 

Thus the description of the Rankin-Selberg L-functions is reduced to the case of two su- 
percuspidal representations. Let p*, z = 1 , 2 , be supercuspidal representations of GLfc.(F). 
By Proposition ( 8 . 1 ) of |,TPSj we have L(s, pi x P2) = 1 if fci > /c 2 - Since L(s, pi x P2) = 
L{s,P2 X pi), the same holds for ki < ^2. Let ki = k2- Then by Proposition ( 8 . 1 ) of |JPSj . 
L(s, Pi X P2) = 1 , unless pi and p2 are in the same twist class, i.e., there exists t G C such 
that p 2 = Pi[t]- In this case we have 

L(s,pi X pi[t]) = L{s + t,pi X pi) = (1 -g-W+d) 

where a\ki is the order of the cyclic group of unramihed characters y = | det |“ such that 
Pi ® y = Pi. Let a = A(r, p). Then we get 

r 

L(s, cr X d) = JJ L(s + r - j, p X ^ 
i=i 

i=i 

where a is the order of the cyclic group of unramihed characters y so that p®y is isomorphic 
to p. 

From the above description of the local L-factors we conclude that they have the following 
two properties. Let tt be a square-integrable representation of GLm(R). Then L{s,7i x T) 
has a pole at s = 0. Furthermore, if tti and 112 are square-integrable representations of 
GLmi(T) and GLm 2 {F), respectively, then L(s,7ri x 712 ) has no zeros. 

Now we are ready to prove the lemma. Let s = (si,..., s^) be the Langlands parameters of 
71. Let 1 < z < r. Then it follows from m and (El that L(s, TT X tt) contains the factor 
L(s — 2si,ai X dj). Using the above properties of the L-factors in the square-integrable 
case, it follows that L(s, vr x d) has a pole at 2sj. By (EH), —Si occurs also in s. Hence 
L(s, TT X d) has a pole at 2|sj|. In particular, L(s, tt x d) has a pole at 2maxj |sj|. □ 

Next we recall some facts about ray class characters. Let U be a number held. Let q be a 
nonzero integral ideal of E and denote by C'(q) the wide ray class group of E modulo q. 
We note that the term ’’wide” means that no positivity condition has been imposed at the 
real places of E. Then a character of C'(q) is unramihed at all inhnite places. Now recall 
that any character y of C'(q) can be identihed with a character of the idele class group 
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Ce = Ie/E^ which is trivial on the congruence subgroup [Nenj . Then 

X = ’^vXv where Xv is a character of E^ which is unramihed at all places n|cxo and all hnite 
places p f q. Furthermore for a hnite place p f q, the character xp is given by 

(3.3) = aeE^, 

where Vp : E^ —Z is the p-adic valuation. 

Let S be any hnite set of hnite places of E. For an integral ideal c[ oi E let denote 
the set of all wide ray class characters of conductor q such that x(p) = 1 for all p G S'. 
Therefore we have (p, q) = 1 for all p G S'. By fjd.d|l it follows that 

(3.4) Xv = ^ for all n G S' U S'oo- 

Let X* be the subset of X^ consisting of all primitive characters. Set X = UqXq and 
X* = UqX*. For X G X* and a cuspidal automorphic representation vr of GL„(A), the 
partial Rankin-Selberg L-function Ls{s, (vr ® y) x t) is dehned to be 

Ls{s, (vr ® x) X T) = L(s, (vr^ 0 x^) x vf^). 

vis 

We shall use the following result of Luo, Rudnick and Sarnak which is the main result of 
LRS]. 

Theorem 3.2. Given n, vr, S' as the above and any /3 > 1 — 2/(n^ -|- 1), there are infinitely 
many x ^ X* such that 

Lsi/3, (vr (g) x) X vf) 7 ^ 0. 

Now we can establish our extension of Theorem 2 of jLRS]. 

Proposition 3.3. Suppose that vr = ®„7r„ is a cuspidal automorphic representation of 
GLn{A) . Let Sy = (si^y, ..., Sk,v) ^ 1^^ be the Langlands parameters of the representation 
'Ey. Then we have 

, , 1 1 

j 2 + 1 

Proof. We follow the proof of Theorem 2 in [LRSj . Let n be a place of E and set S = {n}. 
Let X £ where X* is the set of ray class characters with respect to S which we dehned 
above. The Rankin-Selberg L-function 

L{s, (vr ® x) X T) = L{s, (vr„ 0 Xv) x Ey)Ls{s, (vr 0 x) x T). 

is holomorphic in the whole complex plane except for simple poles at s = 1 and s = 0 
if vr (g) X — vr. This follows from the work of Jacquet, Piateski-Shapiro, Shalika, Shahidi, 
Moeglin and Waldspurger jJPSj . jJSlj . j,TS2j . jMWj . |Sh2j . Choosing the conductor of x 
sufficiently large, we have vr (g) x ^ vr. Thus by Theorem 13.21 we may choose x ^ such 
that L(s, (vr (g) x) x vf) is an entire function and by (13.411 we have Xv = 1- Suppose that 
So > 0 is a pole of 

L{s, Ey X Ey) = L{s, (vr„ (g) X,;) X Ey). 
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Then sq must be a zero of Ls{s, (tt ® x) x t). Assume that Sq > 1 ~ 2(1 + Then by 

Theorem i;h2l there exists x ^ with Ls{so, (vr^x) x T) ^ 0, Xv = 1, and L{s, (tt^x) x n) 
entire. Hence it follows that sq < 1 —2(l+n^)“^. Together with LemmaE^the proposition 
follows. □ 

We shall now establish a similar result for the local components of residual automorphic 
representations of GL„(A). First we recall some facts about representations of GL„ over 
a local field F. Any irreducible unitary representation tt of GL„(F) is equivalent to a 
Langlands quotient This is the unique irreducible quotient of an induced repre¬ 

sentation fi) where r is a tempered representation of Mr{F) and /i is a point in the 
positive chamber attached to R. A slight variant of this description is as follows. Recall that 
a tempered representation r of GLm(A) can be described as follows. There exist a stan¬ 
dard parabolic subgroup Q of type (mi, ...,mp) and square-integrable representations 6j of 
GLm„ (A) so that r is isomorphic to the full induced representation Jp^"*(^i, ...,6p). Hence 
by induction in stages, there exist a standard parabolic subgroup P of G of type (rii,..., n^), 
discrete series representations 6i of GL^XF) and real numbers Si > §2 > • ■ ■ > Sr such 
that 71 is equivalent to the unique irreducible quotient 

Jp(5l[Si] 0 • • • 0 5r[Sr]), 

of the induced representation Jp(5i[si] 0 ■ • • ® ^rl-Sr]) jMWl 1.2]. We call Si,...,Sr the 
(continuous) Langlands parameters of tt. 

The residual spectrum for GL„(A) has been determined by Moeglin and Waldspurger |MWj . 
Let 71 = Gtv'n'v be an irreducible automorphic representation in the residual spectrum of 
GL„(A). By |MWj . there is a divisor k\n, a. standard parabolic subgroup P of type (d,..., d), 
and a cuspidal automorphic representation ^ of GLrf(A), d = n/k, so that the representation 
TT is a quotient of the induced representation 

/?;*>«!(«:-l)/2]®...0^|-(A^-l)/2]). 

Lemma 3.4. Let tt and ^ be as above. Let v be a place of E and let si >■■■ > Sr, be the 
Langlands parameters of Then the Langlands parameters of Tiy are given by 

k — 1 k — 1 k — 1 k — 1 

-^-h Si, ..., -^-h Sr, ...,-^-h Si, ...,-^-h Sr 

Proof. Since fy is a local component of a cuspidal automorphic representation ^ of GLrf(A), 
it is generic. Using induction in stages, it follows that there exist a standard parabolic 
subgroup R of GL^ of type (ni, ...,nr), discrete series representations 5i^y of GL„.(P^) and 
real numbers (si,...,Sr) satisfying 

(3.5) Si > S2 > ■ ■ ■ > s^; |sj| < 1/2, j = 1,..., r. 

such that fy is isomorphic to the full induced representation 

iv = ® • • • 0 A,4s,]). 
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Let Q = MqNq be the standard parabolic subgroup of GL„ whose Levi component Mq is 
a product of k copies of Mr and let 

Sy — G * * * ^r,v') * * * G ((^1,1) G ‘ * * G* ^r,v} ^ 

where ® ® 6r,v) occurs k times. Define 

f k — 1 k — 1 k — 3 k — 1 \ 

/i(fc, s) = I - - -h Sl, . . . , - - -h Sr, - - -h Si, . . . ,- - -h Sr 1 . 

By induction in stages we have 

IpiUik - l)/2] ® ® a-{k - l)/2]) = Jg(5r, Kk, s)). 

Furthermore, by (|3.5p the coordinates of fi{k, s) are decreasing. Thus the induced rep¬ 
resentation Jq ((5r,/i(fc, s)) has a unique irreducible quotient which must be isomorphic to 

TTr. □ 

Next we recall a different method to parametrize irreducible unitary representations of 
GL„(F). Let d\n and k = n/d. Let P be the standard parabolic subgroup of type (d,..., d). 
Let (5 be a discrete series representation of GLrf(F) and let a, 6 G M be such that b — aEN. 
Then the induced representation 

Ip{5[b] ® (5[6 - 1] 0 • • • 0 (5[a]) 

has a unique irreducible quotient which we denote by J{6, a, b). Especially, if a = —(fc —1)/2 
and b = {k — l)/2, then we put 

(3.6) J{6,k) := J{6,a,b). 

By Theorem D of HU and jVoj . for every irreducible unitary representation of GL„(F) 
there exist a standard parabolic subgroup P of type (jii, ...,nr), ki\ni, discrete series repre¬ 
sentations 6i of GLrf.(F), di = rii/ki, and real numbers si,..., Sr with |si| < 1/2, z = 1,..., r, 
such that TT is isomorphic to the fully induced representation: 

(3.7) TT = Jp(J(di, /Cl)[si] ® ■■ ■® J{5r, kr)[Sr])- 

Using this parametrization, we get the following analogue to Proposition 13.31 for local 
components of automorphic representations in the residual spectrum of GL„(A). 

Proposition 3.5. Let be a local component of an automorphic representation in the 
residual spectrum o/GL„(A). There exist k\n, a parabolic subgroup P of type (fcni,..., kur), 
discrete series representations o/GL„. (A„) and real numbers Si, ...,Sr satisfying 

Sl > S 2 > ■ ■ ■ > Sr, |si| < 1/2 - (1-f n^)“\ z = l,...,r. 


TTy 


Ip{J{Si^y, A;)[si] ® J{Sr,v, k)[Sr]). 


such that 


rsj 
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Proof. By the proof of Lemma IH.4L is equivalent to a Langlands quotient of the form 

'^v = Jq{^v: 

where the parameters s satisfy ()3.5j) . Set 

k — 1 k — 1 . 

bi = —^-h Sj, CLi = -^-1“ Sj, z = 1,r. 

Suppose there exist 1 < z < j < r such that the triples {Si^.u,ai,bi) and {6j^y,aj,bj) are 
linked in the sense of 1.6.3 or 1.7 in |MWj . Suppose that s* > sj. Then it follows from (2) 
and (3)(i) on p.622 or from (1) and (2) on p.624 of |MWj that a, > aj + 1 and bi > bj + 1. 
This implies 1 < | s* — Sj | which contradicts (j3.5p . Hence the triples {Si^y, ai, bf) are pairwise 
not linked. Now observe that 


J Oji^ki) T((5j /c) [Sj]. 

Let P be the standard parabolic subgroup with Levi component 


X ■ ■ ■ X GL 


kUr • 


Let 5y = and set 

j(6y,k) := ®UJ{6i^y,k). 

Then it follows from Proposition 1.9 of |MWj that the induced representation 
Ip{j(6y, /c),s) := Ip{J{6i^y, k)[si] ® ^ J{Sr,v, k)[Sr]) 


is irreducible. By Lemma 1.8, (ii), of [MWj . Ip{J{6y, k),s) is a quotient of the induced 
representation Iq^Sy, fi{k, s)). Since Ip{J{6y, k), s) is irreducible, this quotient must be the 
Langlands quotient. Thus 


TTy ^ J^{6y,n{k, s)) ^ I^{.j{6i^y,k)[si] ^ ' O J{6r,y,k)[Sr]). 

By construction, the sfs are the Langlands parameters of a local component of a cuspidal 
automorphic representation. Therefore it follows from Proposition 13.31 that they satisfy 


□ 


This result has an important consequence for the location of the poles of normalized inter¬ 
twining operators (see Proposition 14.21) . 
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4 . Proof of the main results 


In this section we prove Proposition 10.21 and Theorem O To this end we need some 
preparation. 

Let M be a standard Levi subgroup of type (ni, ...,nr) and let P, P' G P{M). Given a place 
V of E, let fldisc denote the set of all vr^ G n(M(ii^„)) which are local components 
of some automorphic representation vr in the discrete spectrum of M(A). Without loss of 
generality, we may assume that P is a standard parabolic subgroup. Let G U^isdM (E^)) . 
Then vr^ = with G ndisc(GL„.(P^)), i = 1, ...,r. By Proposition 10.51 there exist a 

standard parabolic subgroup P* of GL„. with 

Mr. = GL^., X • ■ ■ X GL„. , 

kij\nij, discrete series representations 6ij of GL^.^.(P^), dij = riij/kij, and Sij G M satisfying 


(4.1) Sji P ■ • • P Sirrii) \^ij\ ^ 2 ^^2 _j_ ’ 

such that 

GL 

'^i,v ~ ^Ri ki\) ® ® J{dirrii i kimi') ['^inii]) • 

Set R = Y\iRi- Then P is a standard parabolic subgroup of M. Put m = mi + • ■ ■ + m^. 
We identify {(f, j) | i = 1, ..., r, j = 1, ..., mj} with {1, ..., m} by 

(hi) ^ + 

k<i 

For 1 < / < m let {i,j) be the pair that corresponds to /. Put 

6i 6ij , ki kij , Si S{j . 

Set 

(4.2) = (si,...,s^). 


Gombing the above equivalences, we get 

7r„ ^ /r (T^„,s^J. 


Let P(P) and P'(P) be the parabolic subgroups of GL„ with P(P) C P, P\R) C P', 
P(P)nM = P and P'(P)nM = P. Then by induction in stages, the induced representation 
Ip{7iy,s) is unitarily equivalent to the induced representation + s^r^). The 

unitary map /i which provides this equivalence, is given by the evaluation map as in jKSl 
p.31]. Here we identify s G C*” with an element in C”^ by 

(Sl,...,Sr) e->• (si, ..., Si, S2, ..., S2, ..., Sr, •••, Sr), 

where s, is repeated m, times. |KS1 p.31]. 
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Lemma 4.1. Let fi he the unitary equivalence of the induced representations as above. 
Then we have 

(4.3) /i O i?p/|p(7r^, s) = i?P'(R)[P(R)(J 7 r„, s + O /i. 

Proof. First consider the unnormalized intertwining operators. Recall that the unnor- 
malized intertwining operators are defined by integrals which are absolutely convergent 
in a certain shifted chamber jKSl Theorem 6.6], jSh2j . If we compare these integrals 
in their range of convergence as in jKSl p.31], it follows immediately that (14.3|) holds 
for the unnormalized intertwining operators. So it remains to consider the normaliz¬ 
ing factors. If we apply Lemma 13.41 to each component of 7r„, it follows that tt^ is 
equivalent to a Langlands quotient of the form /i(k, where Sy = and 

/i(k, ...,p(fc,,,s,r,.J). Hence by (2.3) in jSl we get 

rp/jp(7r^, s) = Lp/(Q)|p(Q)(^^, s -S /i(k, s,^^)). 

Let Si be the standard parabolic subgroup of Mp. with Levi component 
{GLd,, X • • ■ X GLrf^J X • • • X (GLrf^^^ x • • • x 

where each factor GL^,^, occurs ki times. Let S' = Si. Then Ms and Mq are conjugate. 
Let tc G Sm be the element which conjugates Ms into Mq. Referring again to (2.3) in 
|A7j . we get 

LP'(P)|P(P)(</7r„, S -S S,r„) = rp/(R(s))\P{R{S)){w6y, S wfi(k, S,r„)). 

By (r.6) of |A81 p.l72] it follows that 

L P'(P)|P(P)(-f 7 r„, S 4- S,r„) = L P'(P(S)^)|P(P(S)“) (^i), S + p(k, S,r„)), 

where R{S)^ = w-^R{S)w. Finally note that P(Q), P'{Q), P{R{S)^) and P'{R{S)'^) 
have the same Levi component and the reduced roots satisfy 

Using the product formula (r.l) in |A81 p.l71], it follows that 

rp'{R{s)^)\p{R{s)'^){5v, s -4 /i(k, s^„)) = Lp/(Q)|p(Q)(5^, s -4 /i(k, s^J). 

Combining the above equations, we get 

rp/|p(7r^, s) = rp/(p)|p(p)(Jjr„, s + 

and this finishes the proof of the lemma. □ 

We say that PQ|p(7r.„, s) has a pole at Sq G C^, if PQ|p(7r.u, s) has a matrix coefficient with 
a pole at Sq. Otherwise, PQ|p(7r.u,s) is called holomorphic in Sq. 

Proposition 4.2. Let M = GL„^ x ■ ■ ■ x GL„^ be a standard Levi subgroup of GL„ and 
let P, P' G V{M). For every place v of E and for all TTy G ndisc(dT(P„)), the normalized 
intertwining operator Pp/jp(7r^, s) is holomorphic in the domain 

{s G C'’ I Re(si — Sj) > —2/(1 4- n^), 1 < 1 < j < r}. 
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Proof. Using Lemma f4.II we immediately reduce to the consideration of the corresponding 
problem for s + Sj^), regarded as function of s G C^. By Proposition 1. 10 

of jMWj . the intertwining operator -Rp'(h)|p(r)('^-„) s) is holomorphic in the domain of all 
s G C™ satisfying Re(sj — sj) > —1, 1 < i < j < m. Furthermore by ()4.1jl the absolute 
value of all components of s^r is bounded by 1/2 — + Combining these observations 

the claimed result follows. 

□ 


Proof of Proposition Id.M - 

Let M be a standard Levi subgroup of type (ni, ...,nr) and let P,Qe V{M). We distin¬ 
guish between the Archimedean and non-Archimedean case. 

Case 1: p|cxo. 

Let K.U be the standard maximal compact subgroup of GL„(i?.y). Given tt^ G Il{M{Ey)) 
and cr^ G denote by i?Q|p(7r.„, s)^-^ the restriction of i?Q|p(7r.„, s) to the a^-isotypical 

subspace 'Hp{nv)a^ of the Hilbert space 'Hp{'n'y) of the induced representation. If belongs 
to ndisc(Af(F'^)), then by Proposition 14.21 i?Q|p(7rd, s)o-„ has no poles in the domain of all 
s G C'’ satisfying | Re(sj)| < (1 -|- * = 1, ■■■,r. Using the factorization of normalized 

intertwining operators and Gorollarv IA.3I it follows that there exist constants C > 0 and 
k eN such that 

II L>u^Q|p(7rj,,m)a ||<C'(1+ II cTi, ||)^ 

for all TT^ G G n(A'^) and u G M^'. This proves (l().d|l . 

Case 2: p < cx). 

Using the properties of the normalized intertwining operators jA71 Theorem2.1], one can 
factorize i?p/jp(7r^, s) in a product of normalized intertwining operators associated to max¬ 
imal parabolic subgroups. Thus we immediately reduce to the case where P is maximal 
and P' = P. Consider a matrix coefficient (Rp|p(7r^, s)pi, P 2 ), where || vi || = || V 2 ||= 1. By 
Theorem 2.1 of |A7j . there is a rational function f{z) of one complex variable z such that 

(4.4) f{q~") = (Rp,p(7r^,s)pi,P2), S G C. 

We shall now investigate the properties of the rational function /. By Proposition 1.10 
of jMWj we know that (Rp|p(7rt,, s)pi, P 2 ) is holomorphic in the half-plane Re(s) > 0. 
Hence f{z) is holomorphic in the punctured disc 0 < \z\ < 1. Moreover by unitarity 
of Rp^p{7iy,it), f G M, we have |(i?p|p(7r^,R)'^iW 2 )| < 1, t G M, and hence \f{z)\ < 1 
for |z| = 1. To determine the behaviour of / at z = 0 we observe that the unnormalized 
intertwining operator Jp|p(7rt,, s) is dehned by an integral which is absolutely and uniformly 
convergent in some half-plane Re(s) > c. Especially, Tp|p(7r.i;, s) is uniformly bounded 
for Re(s) S> 0. The normalizing factor rp^p(Tiy,s) is given by (j2IH)- It follows from 
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the expressions (USD and (EH) for the L-factors and the epsilon factor, that there exist 
polynomials P{z) and Q{z) with P(0) = Q(0) = 1, a constant a G C and m G Z such that 

rp|p(7r^, s) = ^ ^ 

The integer m is given by (EZl) and it follows from (ETTD that there exists c > 0, which 
depends on the choice of a nontrivial continuous character of E^, such that —c < m for all 
7iv G Il{M[Ey)) . Thus by the maximum principle it follows that for 0 < | 2 ;| < 1 we have 


(4.5) 


1/(41 < 



m > 0 
m < 0. 


Now assume that G UdisdM(Ey)) . Then by ProDosition l4.2[ f{z) is actually holomorphic 
for 1 2 ; I < ggi; 

5 = min{2,g2/(i+»^")}. 

Note that 5 > 1. Let pi,...,pr be the poles of /, where each pole is counted with its 
multiplicity. Let —I be the order of / at inhnity. Set 


g{z)^f{z)z-'Y[ 

j 


l-p,z' 


Since \pj\ > 6, j = 1, the rational function g{z) is holomorphic for \z\ > 1, bounded 
for | 2 ;| > 1 and satishes \g{z)\ = \f{z)\ < 1 for |^| = 1. Thus \g{z)\ < 1 for | 2 ;| > 1 and 
hence, 


1/(41 <i4'n 

j=i 


1 - pj^ 

Z-pj 



i=i 


^ - l/Pj 

l-zipj ’ 


z\ > 1. 


For 1 < | 2 ;| < (1 + 5)/2 the right hand side is bounded by (^)^- Together with 

(lOll it follows that there exists C > 0, which is independent of vr^, such that in the annulus 
2/(1 + 5) < 1^1 < (1 + 5)/2 we have 


\fiz)\<C 




Using Cauchy’s formula we obtain a similar bound for any derivative of /. By dOl) this 
leads to a bound for any derivative of (i?p|p(7r^, s)ni,n 2 ) in a strip | Re(s)| < £ for some 
e > 0. To complete the proof we need to verify that for a given open compact subgroup 
Ky of GL„(£’^), the numbers r and I are bounded independently of TTy if ^ g_ 

First consider r. By Theorem 2.2.2 of jSh21 p.323] there exists a polynomial p{z) with 
p(0) = 1 such that p(q'“®)Up|p(7r^, s) is holomorphic on C. Moreover the degree of p is 
bounded independently of TTy. Using the definition of the normalizing factors (EH), it follows 
immediately that there exists a polynomial p{z) whose degree is bounded independently 
of TTy such that p{q~^)Rp\p{'n'v, s) is holomorphic on C. This proves that r is bounded 
independently of vr^. 
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To estimate I, we fix an open compact subgroup Ky of GLn{Ey). Our goal is now to 
estimate the order at oo of any matrix coefficient of Rp^p{'n'y, s)k^, regarded as a function 
of z = Write Tiy as Langlands quotient Tiy = Jp{Sy, p) where i? is a parabolic subgroup 
of M, 6y a square-integrable representation of Mji{Ey) and fi G with Re(/i) in 

the chamber attached to R.Then 

Rp\p{'^v, s) = Rp(R)\p(^R){Sv, S + /i) 

with respect to the identifications described in jA71 p.30]. Here s is identified with a point 
in (a/j/aG)c with repsect to the canonical embedding C a^. Using again the factor¬ 
ization of normalized intertwining operators we reduce to the case of a square-integrable 
representation. Let 1 denote the trivial representation of Ey. By the same reasoning as in 
the proof of Lemma 12.21 we get 

: 1] < #(GL„(a)/i^.)[^.|A„nM(E„) : !]• 

By [HC21 Theorem 10] the set n 2 (M(Ey), Ey) of square-integrable representations of 
M{Ey) with [S\K^r]M(Ev) : 1] > 1 is a compact subset of the space Il 2 {M{Ey)) of square- 
integrable representations of M{Ey). Under the canonical action of ia\j in Il 2 {M{Ey)), the 
subset n 2 (M(U^), Ey) decomposes into a finite number of orbits. In this way our problem 
is finally reduced to the consideration of the matrix coefficients of Rp^p{7ry, s)Ky for a finite 
number of representations tt^. This implies the claimed bound for 1. □ 

Proof of Theorem \().ll 

Recall from §2 that at finite places the normalization of the local intertwining operators 
differs from the normalization used in Pnil. Let M = GL„, X • • • X GL„^, Q, P e P(M) 
and V a finite place of E. Let rQ\p{7iy, s), s G C^, be the normalizing factor used in |Mn4j 
and let 

Rq\p{t^v, s) = rQipiny, s) ^Jq\p{ev, s) 

be the corresponding local normalized intertwining operator. Then it follows from Lemma 
12.11 together with (j2.11|l and Lemma 12.21 that for every multi-index a G Nq there exists 
G > 0 such that 

II D^Rq\p{'^v,u)k, II<G ^ II D^RQ\p{7ly,U.)K, II 

l/3|<N 

for all u G M'’ and all Tiy G ndisc(dT(Pt;)). Hence Proposition 10.21 holds also with respect 
to RQ\p{7ry, s). Together with Theorem 0.1 of jMn4j we obtain Theorem lO of the present 
paper. □ 

Remark. As the proof of Proposition 10.21 shows, the estimations (10.2|) and (I0.3|l hold 
for all generic representations Tiy of M{Ey) whose Langlands parameters Si,..., Sy satisfy a 
non-trivial bound of the form |sj| < 1/2 — e, where £ > 0 is independent of Tiy. We note 
that this assumption is really necessary and can not be removed in general. Especially, 
as the following example shows, the estimations can not be expected to be uniform in all 
Tiy G n(M(P„)). 
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Example. 

Let G = GL4(M) and P the standard parabolic subgroup with Mp = GL2 x GL2. Gonsider 
the representation Iplcr x a, s) where a is the spherical principal series representation 
induced from the character fi = (/i, —p), p real and 0</i<l/2of the Borel subgroup of 
GL2(M). We may assume that s = (s, —s) with s real. Then 


Ip{a X cr, s) = Jf (/i + s, -p + s,/i - s,/i - s). 

For hxed 0 < /i < 1/2 this representation is irreducible for 0 < |s| < 1/2 —/x and reducible 
for |s| = 1/2 — /i |Sp| . The intertwining operator Rp^p{a x a,s) is therefore well dehned 
on the interval 0<|s|<l/2 — /i and has a pole for — s = 1/2 — /i. □ 

The example shows that the poles of the normalized intertwining operator can be arbitrary 
close to the imaginary axis. Thus, we can not expect to have uniform bounds of the 
derivatives of the normalized intertwining operators along the imaginary axis for all unitary 

TT. 


Appendix A. 
by Erez M. Lapid 

Let G be the real points of a connected reductive group dehned over M. Let A be a 
maximal compact subgroup of G and let P = MpNp be a parabolic subgroup of G with its 
Levi decomposition. Write M = Mp = ^MAm in the usual way. Let a be an irreducible 
unitary representation of acting on a Hilbert space and let be its smooth part. 
We denote by the space of smooth functions / : A —>• such that fimk) = a{m)f{k) 

for any m & Km = M H K and k E K with the inner product 

(/l,/2)= / {fl{k)j2{k))H. dk 
Jk 

We denote the Lie algebra of Am by Om- Let P' be another parabolic subgroup of G 
containing M as its Levi part. For any u G 0^,0; '^p'|p(^) be the usual intertwining 

operator on ( |Wal21 Ghapter 10]) and let Rp'\p (cr, 12 ) = rp/|p(cr, p) ^Jp/|p(p) be the 
normalized intertwining operator (cf. |A7j L Finally, for any irreducible representation 7 
of A we denote by /^(y) = Rij) the 7-isotypic part of /“. We also denote by ||7|| the 
norm of the highest weight of 7. 

The purpose of this appendix is to give a bound for the matrix coefficients of the operator 
Ap/|p((j, p) on any A-type near the unitary axis. By factoring Ap'|p(cr, p) it is enough 
to consider the “basic” case where P, P' are adjacent - say along the root a. In this 
case the operator Jp/|p((j, p) depends only on (p, a) and will be written as Jp/jp(s) for 
(p, a) = 4s(pp, a). Similarly for Rpi\p(a, s). 

It follows from jWal21 Lemma 10.1.11, Theorem 10.1.6, 10.1.13] that the poles of Jp'|p(s) 
(counted with multiplicities) are contained in \Ji^i(pi — N) for some complex numbers 
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Pi,...,Pr. By the nature of the normalization factors we may enlarge the set {pi} to 
assume that the same holds for i?p/[p(cr, s) as well. Let 

M+ = max{0,Rep : p is a pole of Rp/\p{a, s)} 

and for any 7 G iL set 

= max{0, — Re(p) : p is a pole of Rpi\p{a, s)|^ 


Finally, let 


S = min{-, |Re(p)| : p is a pole of Rp/|p(cT, s)}. 

Lemma A.l. For any 7 G A and any unit vectors (pi, (p 2 £ -^< 7 ( 7 ) e> 0 we have 

|(Rp/|p(cT, s)(pi, (P2)| < + ^CT,7 + 1 )/^] 

in the strip |Re(s)| < 6 — e. 

Proof. Let /(s) = (Rp/|p(cT, s)(pi, (p 2 )- R is a rational function of s f |A7j L We also have 
|/(s)| < 1 for s G since Rpi\p{a,s) is unitary there. Dehne 


■p [lie 


g{s) = f{s) X JJ Yl 


i=l j=|'Repi+<5] 


s- Pi +j 
S + Pi-j" 


Then g(s) is holomorphic (and rational) for Re(s) < 0 and \g{s)\ = |/(s)| < 1 on iM. Thus 
|fi'(s)| < 1 for Re(s) < 0. It follows that in this region 


r [Re pj+7\^(j,7J 

i/wi < n n 

*=1 j=|'Repi+5] 


S + Pi-j 


r [Repi+M(j,7J 

n 

1=1 j=|'Repi+(S] 


s- Pi +J 

Then for 0 > Re s > —5 + e each factor is bounded by 


Re(s + Pi- j) 


Re(s - pi+j) 


[Re 

n 

i=|'Repi+5] 


— Re s — Re Pi + j -p-r Re s — Re pi + j + 1 


Re s — Re Pi + j 


< 


< 


n 


Re s — Re Pi + j 


1 


Similarly, one shows that for 0<Res<5 — e 

l/(^)l< 


□ 


The following Proposition will be proved below. 
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Proposition A. 2. There exists a constant c depending only on G such that 

(1.1) M+<c, r<c M-^<c{l + h\\) 
for all unitary a. 

By Cauchy’s formula, Lemma fA.il and Proposition IA.2I will imply the following. 

Corollary A. 3. For any differential operator D{s) with constants coefficients there exist 
constants d, k' (depending only on G) such that 

(1.2) ||£>(s)flp.|p(<T,s),,„,|| 

for all 'y & K and s G iM. 

Remark A. 4. The example in ^4 emphasizes that the dependence on 6 is essential if a is 
not tempered. This is already important in order to lift the K-finiteness assumption in the 
absolute convergence of the contribution of an individual cuspidal datum. This point was 
overlooked in HH (cf, p. 1329]). More precisely, the property |A5[ (7.6)] holds only for 
tempered representations. We mention that it follows from lo Theorem 16.2] that for all 
a tempered we have 5 where > 0 depends only on G. 

We will now prove Proposition lA.21 We hrst deal with the hrst part of (HH). More precisely, 
we have 

Lemma A. 5. There exists Sq G M, depending only on G, such that Jp/jp(cr, s) converges 
and rp/|p((j, s) is holomorphic and non-zero for all Re(s) > sq. In particular, Mfi < sq. 

Proof. Let {Q, r. A) be Langlands data for a, i.e., Q is a parabolic subgroup of M with Levi 
subgroup L, r is a tempered representation of L and A is a real parameter in the positive 
Weyl chamber of Oq and a is the irreducible quotient of the standard module dehned by 
Q and A. By jWallT 5.5.2, 5.5.3], or |BW1 Ch. XI, Theorem 3.3] ]|A]| is bounded in terms 
of G only. Moreover identifying with a quotient of Tfi, we may identify Jp/|p(cT, s) 
with JQNpi\QNpij) s + A) on the quotient space (cf. |A7[ p. 30] or §4). Moreover, we have 
rp/jp(cr, s) = r-QAr^,|QAr^(r, s+A). By factoring JQNp,\QNp{r, s+A) and rQAr^,|Qjv^(r, s+A) the 
Lemma easily reduces to the tempered case. Similarly, we reduce to the square-integrable 
case. For a square-integrable we can take Sq = 0 iM)- □ 

The same argument reduces the second statement of (dD to the square-integrable case. 
This case follows from |KS1 Theorem 16.2] and the compatibility of the normalization 
factors with Artin’s factors (EH). 

To continue the proof of Proposition IA.2I we suppress for the moment the assumption that 
P, P' are adjacent and set S(P'|P) = X(P) fl X(P') where P' is the parabolic opposite to 
P' and X(P) = S(P, Am) be the set of reduced roots of Am in P. 

The main assertion is the following. 
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Lemma A. 6 . There exists a constant d (depending only on G) such that for any 7 G A 
Jpi\p{y) is holomorphic and injective on Ia{l) in the domain 

{n G : Re(i/, a) > d{l + || 7 ||) for all a G S(P'|P)}. 

The last inequality of (HH) then follows from Lemma \EB Lemma fA.6l and the relation 

Ppjp/(cr, —s)Pp/|p((j, s) = id. 


It remains to prove Lemma fA.61 Clearly we may assume, by passing to the derived group, 
that G is semisimple. We hrst need some more notation. Let Pq = ^MqAqNq be a minimal 
parabolic subgroup of G, contained in P, so that °Mo is compact. Let t be a maximal 
abelian subalgebra of °m and let f) = t© Uq (a direct sum with respect to the Killing form). 
Then f)c is a Cartan subalgebra of gc and the real vector space [)p spanned by the co-roots 
is ii + tto ( |Walll 2.2.5]). The Weyl group W = W{qc, 1)c) acts on ()p as well as on We 
identify the characters of the center of the universal enveloping algebra of 0 c as W-orbits 
of f)c via the Harish-Chandra isomorphism. A similar discussion applies to M. We denote 
by X(T fhe inhnitesimal character of a. 

For any (hnite dimensional) irreducible representation a' of and p G Oq c we denote 
by To-'p = vTp ^ the corresponding principal series representation on G. Its inhnitesimal 
character is (the hF-orbit) of Xa' + h where Xa' ^ A* (fhe inhnitesimal character of a') is 
the translate of the highest weight of a' by the half-sum of positive roots in mo. 

Lemma A.7. There exists a constant c depending only on G such that any unitary rep¬ 
resentation a of M can he embedded (infinitesimally) as a subrepresentation of a (non¬ 
unitary) and ||Re/i|| < c(l + || 7 ||) whenever AornKj^ix, o') 7 ^ 0. 

Proof. Suppose hrst that a is square-integrable. Using the Casselman subrepresentation 
Theorem (e.g. |Walll Ch. 4] or [Knl Theorem 8.37]) we may embed a in some principal 
series By comparing inhnitesimal characters we infer that /x G Ug and 

iix.ir = ii/iir+iix.'ir>iihir- 

On the other hand by p.398], (cf. jWal2l p. 258]) the square of the norm of any 

A-type of cr is bounded below, up to a hxed additive constant, by ||Xo-|P- The lemma 
follows in this case. 

To treat the general case we use the Langlands classihcation Theorem to imbed a in 
S{t,X) where Q is a parabolic subgroup with Levi subgroup L, r is a square- integrable 
representation of L, X is in the closed negative Weyl chamber of oL and S'(r, A) is the 
corresponding induced representation. As in the proof of Lemma lA.51 we have ||A|| < G 
independently of a. All A-types of S'(r, A) (and hence, of a) contain a A^-type of r in 
their restriction to Kp. Hence, by induction in stages, the Lemma reduces to the square 
integrable case. □ 
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We will now reduce Lemma IA. 6 I to the case where P is a minimal parabolic of G. 

Imbed a in as in the Lemma and suppose that Re(p + u, (3) > 0 for all f3 G 
Tj{PqNpi\PqNp). Then Jpi\p{T^a 'can be identified with JpqNpi\PoNp{o'', n + z/) and it 
is given by an absolutely convergent integral. Its restriction to is Jp/|p(cr, v). Thus, in 
that region the injectivity of Jp/|p(cr, v) on laip) follows from that of JpoArp,|PoArp((T',p + z/). 
We note that the restriction to Am defines a bijection a a' between T,{PqNpi\PqN p) 
and S(P'|P), and we have (z^, a) = iy^a'). The reduction follows. 

By factoring Jpi\p as a product of “basic” intertwining operators we may also assume that 
P' is adjacent to P. Let Q = LV be the parabolic subgroup generated by P and P'. 
Then L has rank one and it follows from the argument of |Wal21 10.4.5] that Jp/|p(cT, 7 ) is 

injective on !„{')) if and only if -^p/nL|pnL(‘^) injective on for all 7 ' G Kl which 

occur in the restriction of 7 . We observe that || 7 '|| < || 7 || for such 7 '. Hence, we reduce 
to the case where G is of rank one, P is minimal and P' = P. Once again we can assume 
that G is semisimple as well. From now on we assume that this is the case. 

For Re(s) > 0 the representation Ti^^^sa is of hnite length and its Langlands quotient is given 
by the image of Jpi\p{a, sa). Thus, Jp'\p{a, sa) is not injective on lail) if and only if 7 
occurs in one of the subquotients of other than the Langlands quotient. Assume that 
this is the case and let vr' be any such subquotient. Then by |Walll Corollary 5.5.3] the 
Langlands parameter of tt' is smaller than that of vr. Thus, either vr' is square-integrable 
or 7t' can be imbedded in tTo-',*' with 0 < Re(s') < Re(s). In the hrst case, the infinitesimal 
character of tt' is in i.e., s G M, and by f jWa21 p. 398]) 

0+||7|P>||x.'lP = llx.|P + s^ll«lP>s^ll«lP 

for a certain constant G. It follows that s is bounded by a constant multiple of || 7 ||. In 
the second case, we have 

(1.3) Xa' + sa = w{xa + sa) 

for some w G W. Write wa = + (3 with G M and [3 G ii*. If /? = 0 then ^ = ±1, w 

stabilizes it* and we obtain s = ±s' - a contradiction. Thus, (3^0. Projecting (II. 3j) onto 
it* we obtain 

Xa' = iwxa)it* + s/3. 

On the other hand, since 7 occurs 7ra,sa, <t occurs in the restriction of 7 to = Km and 
hence ]|ct]| < || 7 ||. Similarly, ||cr'|| < || 7 ]|. Once again, it follows that |s| is bounded by a 
constant multiple of 1 + || 7 ]|. This concludes the proof of Lemma fA.61 
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